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It has been claimed in Ref. [arXiv:1712.02240], that massive primordial black holes (PBH)
cannot constitute all of the dark matter (DM), because their gravitational-lensing imprint on the
Hubble diagram of type Ia supernovae (SN) would be incompatible with present observations. In
this note, we critically review those constraints and find several caveats on the analysis. First of
all, the constraints on the fraction α of PBH in matter seem to be driven by a very restrictive
choice of priors on the cosmological parameters. In particular, the degeneracy between ΩM and
α was ignored and thus, by fixing ΩM, transferred the constraining power of SN magnitudes to
α. Furthermore, by considering more realistic physical sizes for the type-Ia supernovae, we find
an effect on the SN lensing magnification distribution that leads to significantly looser constraints.
Moreover, considering a wide mass spectrum of PBH, such as a lognormal distribution, further
softens the constraints from SN lensing. Finally, we find that the fraction of PBH that could
constitute DM today is bounded by fPBH < 1.09 (1.38), for JLA (Union 2.1) catalogs, and thus it
is perfectly compatible with an all-PBH dark matter scenario in the LIGO band.
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I. INTRODUCTION
The detection of gravitational waves from the merg-
ing of massive black hole binaries by the Advanced
LIGO/VIRGO interferometers [1–6] has revived the idea
that primordial black holes (PBH) could constitute all
(or an important fraction) of the dark matter. The
merging rates inferred by LIGO are indeed compatible
with a black hole population having abundances simi-
lar to the one of dark matter [7, 8] (nevertheless see [9]
for a different conclusion), whereas their relatively large
mass and low spins were mostly unexpected and might
point towards a primordial origin. These properties of
the LIGO black hole binaries would come naturally from
early universe models of PBH formation from large peaks
in the matter power spectrum, arising both in single
(e.g. [10, 11]) and multi-field (e.g. [12, 13]) models of
inflation, which leads to a wide mass distribution as well
as to significant PBH clustering.
Motivated by the LIGO detections, the constraints
on PBH abundances from the EROS microlensing sur-
vey [14] and from the cosmic microwave background tem-
perature anisotropies and spectral distortions [15], have
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been reinvestigated. On the one hand, EROS limits can
easily be evaded [16–18], e.g. when considering more re-
alistic dark matter distributions in the galaxy or if most
PBH are regrouped in micro-clusters, which reopened the
low-mass (MPBH .M) window for PBH-DM. Further-
more, other surveys of M31 stars and distant quasars
found numerous microlensing events [19, 20], which seems
to contradict the EROS results. On the other hand, more
detailed computations of the impact of early matter ac-
cretion on the CMB shows that Planck limits on PBH
abundances are very sensitive to the PBH velocity with
respect to baryons, whereas there is no relevant con-
straint from CMB spectral distortions [21, 22]. At the
same time, new constraints have been established in this
range [10−100]M , especially from the dynamical heat-
ing of faint dwarf galaxies and their star clusters [23–25].
Altogether, the present status is that a wide PBH mass
distribution centered on a few solar masses can perfectly
pass all those limits and at the same time explain the
LIGO events [26].
The scenario of massive micro-clustered PBH [27]
is supported by the non-detection of ultra-faint dwarf
galaxies smaller than the critical dynamical heating ra-
dius [26], as well as by spatial correlations between the
cosmic infrared and soft X-ray backgrounds [28, 29].
It could explain the small-scale crisis linked to the
core-cups, too-big-to-fail, missing satellites and missing
baryons problems, thanks to PBH gravitational scatter-
ing and to the rapid gas accretion in dwarf galaxies [26].
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2Heavy PBH in the tail of the distribution would also pro-
vide the seeds for supermassive black holes [30] whose
existence at high redshifts is still puzzling.
The recent claim by Zumalaca´rregui and Seljak in
Ref. [31] (hereafter [ZS17]) that the absence of lensing
in type-Ia supernovae (SN) observations rules out PBH
in the LIGO range [0.01 − 100]M as the main source
of dark matter, even for wide mass distributions, would
therefore strongly jeopardize the best motivated PBH-
DM scenarios. In this note, we carefully review the SN-Ia
lensing constraints on PBH abundance and find several
caveats on the analysis. First of all, the constraints on the
fraction α of PBH in matter seem to be driven by a very
restrictive choice of priors on the cosmological parame-
ters. In particular, the well known degeneracy between
ΩM and α is ignored and thus, by fixing ΩM, they transfer
the constraining power of SN magnitudes to α. Further-
more, we point out that the characteristic size of SN is
larger than the one assumed in [ZS17], which impacts
the SN magnification PDF and softens the constraints
by about one order of magnitude. PBH can therefore
have DM abundances, even in the simplest monochro-
matic case. Furthermore, when considering a more re-
alistic broad lognormal mass distribution, motivated by
formation models from broad peaks in the power spec-
trum, we show that SN constraints on PBH abundances
are further diluted. Finally, we evaluate the effect of PBH
clustering. In this case, SN-Ia constraints are again more
easily evaded. We therefore conclude that few solar mass
PBH-DM models are still consistent with observations.
Nevertheless, we believe that the idea of using SN lens-
ing to detect such PBH population is very promising and
worth pursuing with future surveys like DES, LSST and
Euclid.
In Section II, we briefly introduce the SN lensing model
and the caveats in the precedent approach. Then, in
Section III, we compute the SN constraints for a log-
normal mass distribution of PBH. Finally, we discuss our
results and perspectives in Section IV.
II. SUPERNOVA LENSING
A. Model
SNe are gravitationally lensed by the matter density
that their light encounter from emission to observation.
This generates residuals in the observed Hubble dia-
gram: some SNe appear brighter or fainter—i.e. closer or
farther—than the average, assumed to be well-described
by the FLRW model. This effect can be quantified by
the magnification1
µ ≡
(
DEB
D
)2
− 1, (1)
where we adopted the convention of [ZS17], D being the
observed angular diameter distance to the SN, and DEB
the distance that would be observed if light would en-
counter no matter (“empty beam” [33]).
Following Ref [34], [ZS17] distinguishes between two
effects: the weak-lensing magnification µs due to smooth
matter encountered by the light beam, and the microlens-
ing magnification µc due to compact objects. If µs  1,
then the total magnification µ reads
µ = µs + µc (2)
If now µ′ denotes the weak-lensing convergence in the ab-
sence of any compact object, while a fraction α of matter
is actually made of such objects, then
µ = (1− α)µ′ + µc[αµ′] (3)
where the dependence of µc in αµ
′ comes from the fact
that the latter indicates the amount of compact objects
along the line of sight; the larger αµ′ is, the more prob-
able it is that light encounters such objects.
Equation (3) implies that the probability distribution
function (PDF) of µ is a convolution the PDF of µ′, due
to the large-scale structure, and the PDF of µc, as
PL(µ; z, α) =
∫ µ
1−α
0
dµ′ PLSS(µ′; z)PC[µ−(1−α)µ′;αµ′].
(4)
In [ZS17], PLSS is generated by the code turboGL [35, 36]
for a Planck cosmology and a halo mass function in the
range M ∈ [104, 1016]M. Besides, PC is a fitting for-
mula to numerical simulations performed by Rauch [37],
in a universe filled with a uniform comoving density of
compact objects, with no cosmological constant,
PC(µ, µ¯) = A
[
1− e−µ/δ
(µ+ 1)2 − 1
]3/2
for µ > 0 , (5)
and 0 otherwise. The parameters A and δ are determined
by enforcing that PC is normalized, and that 〈µ〉 = µ¯.
This latter condition corresponds to the assumption that
lensing by small-scale structures does not affect the av-
erage magnification [38], which remains debated in the
lensing community [39]. The result is plotted in Fig. 1
for α = 0, 0.3, 0.5, 0.83.
Last, but not least, [ZS17] took into account that SNe
are not exactly point-like sources. More precisely, their
1 Note that this convention for the magnification differs from the
most common one [32], µst = (DFLRW/D)
2, defined with respect
to an FLRW background (filled beam), and such that µ = 1
(instead of 0) when there is no lensing.
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FIG. 1: PDF of the magnification, at z = 1, for different val-
ues of the fraction α of dark matter made of compact objects.
(unlensed) angular size θS is not always much smaller
than the Einstein radius θE of the compact lenses, namely
θS
θE
= 1.11
RSN
100 AU
(
M
M
DL Mpc
DSDLS
)1/2
, (6)
where RS ∼ 100 AU is the physical size of a SN during
the observed phase of the event, and distances D are
angular diameter distances in units of Mpc. When θS 
θE (infinitesimal beam) the compact object can act as
a strong gravitational lens, and hence enters into the µc
category; otherwise the light beam associated with the
SN has to be considered finite [40], and the lens effectively
counts as a µs.
As discussed in [ZS17], this leads to a renormaliza-
tion of the fraction of matter which must be counted as
compact objects. If α ≡ ρPBH/ρM = 0.83fPBH, where
fPBH ≡ ρPBH/ρDM denotes the fraction of dark matter
in the form of PBH, then the fraction of associated strong
lenses reads
α˜ = fLα = 0.833fLfPBH. (7)
This fraction depends on the redshift of the source zS
and on the PBH mass M as
fL(zS,M) =
∫ zS
0
ρPBH(z) Θ(− θS/θE) dz∫ zS
0
ρPBH(z) dz
(8)
where, following [ZS17], we considered that a PBH is
considered a strong lens if θS/θE <  = 0.05, Θ being the
Heaviside distribution. Using that θS/θE grows with the
redshift of the lens, we can rewrite Eq. (8) as
fL(zS,M) =
(1 + z∗)4 − 1
(1 + zS)4 − 1 , (9)
with z∗ determined by θS/θE = , and assuming that
most of the PBH do not accrete mass n the last few e-
folds of cosmic expansion (z < 2), and hence dilute with
the volume, ρPBH(z) ∼ (1 + z)3.
B. Caveats
The model presented in Sec. II A corresponds to the
state of the art for SN lensing by compact objects. [ZS17]
applied it to two SN data sets, namely Union 2.1 [41], and
the Joint Lightcurve Analysis (JLA) [42]. They found
that the distribution of SN magnitudes excludes that
PBH with masses above 102M constitute more than
30% of the dark matter. There are, however, two im-
portant caveats in this analysis, on which we elaborate
below.
1. Effective demagnification and Ωm
The net effect of lensing on the distribution of SN
magnitudes can be observed in the top panel of Fig. 2,
where ∆m denotes the magnitude shift with respect to
the mean. To produce this distribution, we allowed for
the fact that, irrespective of lensing, SNe have an intrin-
sic scatter in their luminosity due to various effects, from
environment issues like metallicity to misidentification of
hosts. This scatter is commonly modelled by a Gaus-
sian distribution in magnitude, with σm = 0.15, assumed
to be redshift independent [42]. Besides, the magnitude
shift due to a magnification µ reads
∆m = −5
2
log10(1 + µ− µF), (10)
where µF ≈ 0.12 is the magnification of the “filled beam”
(FLRW) with respect to the “empty beam”. The pre-
dicted PDF of ∆m is thus obtained by convolving the
intrinsic distribution with PL(∆m) = |∂µ/∂∆m|PL(µ).
As seen in Fig. 2, the most significant effect of lensing
is to move the most probable magnitude towards larger
values. The predominance of this shift can be made even
clearer by translating and rescaling all the distributions,
such that the maxima coincide (bottom panel of Fig. 2).
The resulting curves are almost identical, and it is hard
to believe that the current SN data is able distinguish
between α = 0 and α = 0.83 from their shapes only.
On the contrary, SNe are quite efficient at measuring
the behaviour of the mean magnitude-redshift relation.
Of course, in theory, all the distributions for the top panel
of Fig. 2 have, by construction, the same mean—the tail
for negative values of ∆m exactly compensates for the
shift of the peak. Nevertheless, in practice, this reasoning
only applies if there is enough data to sample the whole
distribution, including the tails. This is not the case
for current SN surveys, characterized by a relatively low
number of objects (580 for Union 2.1 and 740 for JLA).
Therefore, the dominant effect of increasing α is to bias
up the average magnitude-redshift relation.
This effect is essentially equivalent to reducing the
mean density of the Universe [43–45] (or adding spatial
curvature). Indeed, the denser the Universe, the more
matter is encountered by light beams, and hence the more
magnified they are. Hence, in the analysis of SN data,
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FIG. 2: Top: PDF of the magnitude of lensed SNe at z = 1,
including the intrisinc disperson of luminosities, for different
values of the fraction α of compact objects constituting the
dark matter. Bottom: same as above but rescaled and shifted
so that the maxima coincide.
there should be an important degeneracy between Ωm
and α. This issue was overlooked in [ZS17], where a prior
on Ωm (0.309 ± 0.006) was set from CMB+BAO data;
since this prior is much narrower than the constraints on
Ωm set by SN data alone, this artificially transfers the
constraining power of SN data to α. In other words, it
is not excluded that the constraints on α obtained by
[ZS17] are driven by this prior.
This hypothesis is supported by the absence of skew-
ness signal in the constraints of [ZS17]. Indeed, the larger
α, the more skewed the distribution of magnitudes (see
Fig. 2). Thus, one could expect this skewness to the dom-
inant lensing signal to look for in the SN data. If it were
the case, however, the lensing skewness should be hardly
distinguishable from the skewness of the distribution of
intrinsic SN luminosities, quantified by the parameter k3
in the analysis of [ZS17]. In other words, there should be
a degeneracy between k3 and α in the constraints set by
the data. Yet this is not observed in Fig. 6 of [ZS17].
2. Misestimation of the fraction of strong lenses
Even if one neglects the above issue, and accept the
methodology of [ZS17], the resulting constraints still turn
out to be weaker than what was claimed, because [ZS17]
underestimated the ratio θS/θE of Eq. (6) by a factor
50. As a consequence, the condition θS/θE <  is more
restrictive in reality than it is in [ZS17], so less PBH con-
tribute as compact lenses, and hence a given constraint
on α translates into a weaker constraint on fPBH. In par-
ticular, we will show in the next section that, for PBH
with a lognormal distribution of mass, SN lensing ends
up not constraining fPBH at all.
One could circumvent this issue by arguing that  =
5% is a very conservative bound, as already suggested
in [ZS17]. In fact, it is hard to guess what a sensible
threshold is for the transition between strong and weak
lensing; but the sensitivity of the constraints with respect
to the estimate of θS/θE (and hence the choice of ) shows
that this point must be taken seriously. This calls for
more elaborate methods to estimate the effective fraction
of compact lenses in a given model for an arbitrary matter
distribution.
III. LOGNORMAL MASS SPECTRUM
In this section, we show that, even if we neglect the first
point of Sec. II B, reproducing the analysis of [ZS17] with
a corrected value for θS/θE leads to constraints in full
agreement with PBH constituting all of the dark matter,
when taking into account a realistic broad distribution of
masses.
A. Finite size clusters of PBH
We still do not know how PBHs are distributed in
space. Depending on their production mechanism, they
could have arisen from broad peaks in the matter power
spectrum that collapsed to form black holes in the ra-
diation era. In this case, PBH come in clusters of vari-
able numbers, from 100 to 1000 PBH in each cluster,
and subtending a substantial transverse dimension, of
order a milliparsec. We ignore how these clusters have
evolved since recombination. It could be that most of
them have “evaporated”, heated up by dynamical inter-
actions among the members of the cluster [46], or merged
in the presence of gas to form the more massive IMBH
and SMBH at the centers of galaxies [30].
Therefore, it is relevant to consider the fraction of them
that permeate the universe and constitute the CDM that
helped baryons form structures like galaxies and clus-
ters of galaxies. These objects have masses well below
the resolution of N-body simulations and therefore can
be considered as the smooth component of CDM, form-
ing the DM halos and moving in the potential wells of
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FIG. 3: Top: The effective PBH fraction as a function of the
source redshift for different PBH masses. Bottom: The mass-
integrated PBH fraction as a function of the source redshift,
for a Lognormal distribution with parameters µ = 2.5M
and σ = 1.15, as found in agreement with all present con-
straints [26].
long-wavelength curvature fluctuations set up by infla-
tion. However, if the PBH hypothesis is correct, these
halos are composed of compact objects and these may
act as lenses. It remains to be studied the effect that
these hard cores have on the total (weak, strong and mi-
cro) lensing of distant supernovae.
B. PBH Lognormal distribution
So far we have assumed that PBH have a single mass.
However, even if they had started having a monochro-
matic mass spectrum, accretion would inevitably have
spread their mass spectrum. Alternatively, they could
have arisen from broad peaks in the matter power spec-
trum and thus have a wide distribution to start with.
Whatever the origin, we can assume, for simplicity, that
the PBH mass distribution is lognormal with parameters
(µ, σ),
P (M) =
fPBH
M
√
2pi σ2
exp
[
− ln
2(M/µ)
2σ2
]
, (11)
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FIG. 4: The JLA and Union 2.1 SN-Ia redshift distributions.
where we have chosen P (M) to be normalized to the
fPBH fraction,
∫∞
0
P (M) dM = fPBH. At present, there
are several hints that suggest that PBH constitute all the
DM [26], from the observed LIGO events to the formation
of structure in the early universe, and the best fit values
for the parameters of Eq. (11) are
µ = 2.5M , σ = 0.5 ln 10 , (12)
which is a relatively wide distribution. In this case, one
can compute the effective PBH fraction that may act as
lens, as a function of the redshift
α˜(zS) = αfP(zS) = α
∫ ∞
0
P (M)fL(zS,M) dM . (13)
We have plotted in Fig. 3 (bottom panel) the effective
fraction fP(zS) after integration of the lognormal distri-
bution with the above parameters. It is clear that the
fraction becomes significantly smaller than one for a wide
range of redshifts.
C. Supernova redshift distribution
As α˜ depends on redshift, we must integrate it over
the redshift distribution of the SNe, in order to derive its
effective value for the survey at hand. We will assume
that the lensing effect of PBH on SN-Ia magnitudes is
independent of redshift (see the previous footnote for a
caveat), and that each redshift bin contributes equally to
the final effective value of the PBH fraction,
α˜eff = α
∫
fP(z)
dN
dz
(z) dz . (14)
We consider both JLA and the Union 2.1, whose redshift
distributions dN/dz are depicted in Fig. 4, and we obtain
αJLAeff = 0.44α for the JLA catalog and α
Union
eff = 0.39α
for the Union 2.1 catalog. This means that the overall
constraint on the fraction of PBH in DM is given by
fPBH = αeff ×
{
2.73 JLA
3.08 Union2.1
(15)
6Using the 95% bounds α < 0.4 (JLA), and α < 0.45
(Union2.1) obtained by [ZS17], which allow for the full
non-diagonal covariance matrix of the surveys, the con-
straints on fPBH become
fPBH <
{
1.09 JLA
1.38 Union2.1
(16)
Therefore, one hundred percent of DM in the form of
PBH is fully consistent with SN lensing.
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FIG. 5: The constraints on PBH-DM in the range of masses
near the LIGO band. We have shown with a dashed line
the constraints from EROS because of the assumption of
monochromaticity and the absence of clustering, which es-
sentially removes this constraint from the band, see Ref. [18].
The blue contours correspond to the SN lensing constraints
for JLA (continuous) and Union 2.1 (dashed) SN catalogs; the
green contours arise from Eridanus II dwarf spheroidal [23–
25], and the red contours from the disruptiuon of wide binaries
in the Milky Way halo [47].
IV. CONCLUSIONS
We have reanalyzed the claims of [ZS17] for ruling out
PBH-DM with masses in the LIGO range due to the lack
of lensing of type-Ia supernovae. First, it has been put in
evidence that the relatively small number of SNe induces
an effective bias in the mean magnitude that is degener-
ated with Ωm. As a result, the constraint on the PBH
fraction could be partially explained by the choice of the
prior limits for Ωm. Second, the characteristic size of SNe
was underestimated in [ZS17], which impacts the SN lens-
ing magnification distribution and softens the constraint
on the PBH abundance. Even in the case of a monochro-
matic spectrum, SNe allow PBH-DM for masses lower
than about 3M, as illustrated on Fig. 5, and opposite
to the claim of [ZS17]. The SN-Ia lensing constraints
on Fig. 5 were obtained by integrating Eq. (13) over the
redshift distribution of JLA (Union 2.1)
α(M) = α
∫
fL(z,M)
dN
dz
(z) dz , (17)
and then taking the constraints on α from [ZS17] and
inverting to get the constraints on fPBH. This limit im-
proves the constraint from Eridanus II by a factor four
(more than ten if one assumes an intermediate-mass black
hole at the center of ERI-II). Given that microlensing
constraints from EROS are uncertain and in tension with
other surveys, the monochromatic PBH-DM scenario in
the sub-solar range still survives all the constraints.
In a more realistic scenario, one needs a relatively wide
mass distribution to explain the LIGO merger events,
e.g. a log-normal distribution centered in the range
[1−10]M [27]. In this case, we have shown that the SNe
lead to further loser constraints, see Eq. (16), that do not
exclude PBH to be all of the dark matter. Finally, micro-
clustering of PBH, like in the scenario of [27], would also
lead to loser constraints. Note that the EROS constraints
assume a monochromatic distribution, and that integrat-
ing over a lognormal distribution makes them wider but
less restrictive, see Ref. [18], contrary to what is claimed
by [ZS17]. Nevertheless, what is relevant is the global
constraint on the fraction of PBH in DM, see Eq. (16),
which indicates that dark matter could be entirely com-
prised of PBH of masses within the LIGO band, contra-
dicting the strong claims made in [ZS17].
Note that a similar methodological approach to the
problem of SN lensing by small scale structure was taken
in Refs. [48, 49], and shown to help the overall agreement
of the concordance ΛCDM paradigm in Refs. [50, 51].
Moreover, that galaxies and smaller structures can actu-
ally lense type-Ia supernovae has recently been shown in
Refs. [52, 53] with explicit examples. It will therefore not
come as a surprise if in the future we will discover a whole
population of lensed type-Ia SN. In fact, the next gen-
eration of supernova surveys (DES, LSST, Euclid) will
have significantly more statistics and thus a better con-
trol of systematics, which will provide a real opportunity
to search for compact objects like PBH as the dominant
contribution of DM.
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